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Abstract: Alexander polynomial arises in the leading term of a semi-classical Melvin-
Morton-Rozansky expansion of colored knot polynomials. In this work, following the
opposite direction, we propose how to reconstruct colored HOMFLY-PT polynomials,
superpolynomials, and newly introduced Ẑ invariants for some knot complements, from an
appropriate rewriting, quantization and deformation of Alexander polynomial. Along this
route we rederive conjectural expressions for the above mentioned invariants for various
knots obtained recently, thereby proving their consistency with the Melvin-Morton-Rozansky
theorem, and derive new formulae for colored superpolynomials unknown before. For a
given knot, depending on certain choices, our reconstruction leads to equivalent expressions,
which are either cyclotomic, or encode certain features of HOMFLY-PT homology and the
knots-quivers correspondence.
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1. Introduction
Alexander polynomial ∆(x), the first polynomial knot invariant introduced almost a hundred
years ago, plays a prominent role in both older and most recent developments in knot theory
and its physical incarnations. Its essential role is revealed, for example, by the Melvin-Morton-
Rozansky conjecture, subsequently turned into a theorem, which states that quantum SU(N)
knot invariants Pr(q
N , q) colored by symmetric representations Sr have the following semi-
classical expansion
lim
~→0,r→∞
Pr(q
N , q = e~) ' 1
∆(x)N−1
+
∞∑
k=1
Rk(x,N)
∆N+2k−1(x)
~k, for x = qr = const, (1.1)
where Rk(x,N) are polynomials in x. This conjecture was originally formulated by Melvin
and Morton in the case of colored Jones polynomial (i.e. for N = 2) [1], and later generalized
by Rozansky to more general knot polynomials [2–4]. It has an important interpretation in
physics, namely the above limit captures contributions to Chern-Simons partition function
from an abelian flat connection. Its proof is given in [5], and an analytic version has been
formulated and proven in [6].
These days an interest in the Melvin-Morton-Rozansky expansion resurfaces. For ex-
ample, it is believed that a general knot homology theory exists, which encompasses both
knot Floer homology – which categorifies Alexander polynomial – and a putative (colored)
HOMFLY-PT homology [7, 8]. In particular, structural properties of this latter homology
theory recently enabled to derive conjectural formulae for colored HOMFLY-PT polynomials
and superpolynomials [9–13]. The Melvin-Morton-Rozansky expansion, which relates a = qN
specialization of colored HOMFLY-PT polynomials and Alexander polynomial, should there-
fore be one manifestation of such a general theory on a decategorified level. On the other
hand, Melvin-Morton-Rozansky expansion enters a definition of newly introduced Ẑ invari-
ants for knots complements, also denoted FK(x, q) or FK(x, a, q) [14–16]. These invariants
are also inherently related to physics, as they count BPS states in a 3d N = 2 theory arising
from compactification of 6d (2, 0) theory on a complement of a knot under consideration in
S3. It is thus worth revisiting the Melvin-Morton-Rozansky expansion and, among others,
understanding its role in these new developments.
The main goal of this note is to understand in detail how the Melvin-Morton-Rozansky
expansion arises from various recently found expressions for colored knot polynomials, and –
taking the opposite direction – to provide prescription how to reconstruct colored HOMFLY-
PT polynomials and superpolynomials starting from Alexander polynomial. We find that this
reconstruction process can be split into two steps. First, we write the inverse of Alexander
polynomial, i.e. the first term in the expansion (1.1), as a series of some particular form,
essentially using the inverse binomial theorem. Second, we propose how to q-deform, a-
deform, and possibly t-deform various terms in such a series. Depending on some choices
made in the first step, the expressions that we obtain are either cyclotomic [12,17,18] – which
at the same time confirms the existence of cyclotomic expansions for colored HOMFLY-PT
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polynomials and superpolynomials – or take equivalent form that encodes certain features
of HOMFLY-PT homology and is relevant in the context of knots-quivers correspondence
[19,20]. Making contact with cyclotomic expansions and knots-quivers correspondence is also
an important aspect of this work. The second step, which captures a-, q- and t-deformation,
involves a little arbitrariness, which can be fixed by comparison with known HOMFLY-PT
polynomials for small colors, or (at least in principle) with first few polynomials Rk(x,N)
in the subleading terms in (1.1). Interestingly, to fix this arbitrariness in all examples that
we consider in this paper, it is sufficient to compare just with polynomials colored by the
fundamental and the second symmetric representation.
Note that some of our results reproduce conjectured expressions for colored knot polyno-
mials found e.g. in [10–12,21]. However, we stress that in those cases our derivation does not
only provide an equivalent conjectural expressions, but also asserts that those expressions in-
deed satisfy the Melvin-Morton-Rozansky theorem. This is important because it is a new and
independent check that these expressions are correct. Moreover, recall that those previously
found expressions for colored polynomials were derived taking advantage of the exponential
growth condition [9–13], i.e. the statement that colored superpolynomials Pr(a, q, t) satisfy
the relation Pr(a, 1, t) = Pr=1(a, 1, t)
r. Rewriting the right hand side of this relation in terms
of binomial expansion leads to analogous expressions to those that we obtain, and ultimately
the same results. However, the exponential growth property holds only for a restricted family
of knots (in particular the thin knots), so it enables to determine colored polynomials only
for this restricted class. On the other hand, the Melvin-Morton-Rozansky theorem that we
take advantage of is proven for all knots, and one might expect that our techniques enable to
get colored polynomials also for these knots that do not satisfy the exponential growth.
To illustrate the power of our formalism, we also derive new formulae for colored polyno-
mials, unknown before. In particular we focus on 74 knot, which is one of the first knots for
which explicit colored polynomials have not been found to date. Indeed, colored superpoly-
nomials for knots up to 5 crossings were given in [10]. Colored polynomials for twist knots, so
in particular for 61 and 72, are found in [10,11]. Formulae for T
2,2p+1 torus knots for all p, so
in particular for 71 knot, are given in [10]. Colored superpolynomials for 62 and 63 knots are
found in [12]. Therefore the first knots for which colored polynomials have not been written
down before are 73, 74, etc. We focus on derivation of colored superpolynomials for 74 as an
illustrative example, among others because it has the same Alexander polynomial as 92 twist
knot – it is therefore instructive to see how our reconstruction process differs for those two
knots. Following our prescription, one can analogously derive colored superpolynomials for
other knots with 7 and more crossings.
In the course of our analysis we also find an interesting relation between colored HOMFLY-
PT polynomials or superpolynomials for various pairs of knots, whose homological diagrams
differ only by one element: a zig-zag of length 3 for one knot is replaced by a diamond and a
trivial zig-zag of length 1 for the other knot. In consequence, Alexander polynomials for these
knots, written as polynomials in X = (1−x)
2
x , differ only by signs. In turn, this leads to very
similar cyclotomic expansions for such pairs of knots, which differ only by certain signs and
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deformation terms that arise in the second step of our reconstruction process, as mentioned
above. The simplest pair of such knots are 31 and 41, whose Alexander polynomials can be
written respectively as ∆31(x) = 1 + X and ∆41 = 1 − X. More generally, twist knots in
the series 41, 61, 81, . . . (labeled by p = 1, 2, 3, . . .), whose Alexander polynomials take form
∆(x) = 1−pX, are closely related to twist knots 31, 52, 72, . . . (also labeled by p = 1, 2, 3, . . .),
whose Alexander polynomials read ∆(x) = 1 + pX. Similarly, Alexander polynomials for 62
and 63 knots differ only by signs, ∆62(x) = 1−X −X2 and ∆62(x) = 1 +X +X2. It would
be interesting to unveil other consequences of this correspondence.
Apart from reconstructing formulae for colored polynomials and understanding their
structure, another important motivation for this work is that along similar lines expressions
for Ẑ for knot complements might be found. For a complement of a knot K in S3, such
invariants are also denoted FK(x, q), and they were originally introduced in [14] in the case
corresponding to Jones polynomial. In this original setting, these invariants are supposed to
have the same expansion (1.1) in the limit ~ → 0 (with N = 2), and to satisfy the same
quantum A-polynomial equation as colored Jones polynomials. A generalization of these
invariants to SU(N) case was proposed in [15], and a-deformed FK(x, a, q) invariants were
introduced in [16]. The latter invariants satisfy a-deformed quantum A-polynomial equations,
the same as colored HOMFLY-PT polynomials [21–23], and upon specialization a = qN have
the same semi-classical limit as in (1.1). Therefore one might hope that FK invariants could
be reconstructed following similar steps as we present in this work. We show that this is
indeed the case at least for a family of T 2,2p+1 torus knots, for all p, as in this case FK(x, a, q)
are closely related to colored polynomials (as also explained in [16]).
Finally, let us mention a few other problems worth pursuing, related to the results of
this paper. The first interesting issue is an interplay between expansions in ~ or q = e~.
In this work we postulate how to reconstruct colored polynomials or FK(x, q) invariants,
which depend on q, from the leading terms of the ~-expansion (1.1). There are also different
expansions in ~, associated to other flat connections, in particular the one that arises in the
volume conjecture. All these expansions should be related by the resurgence, as discussed
to some extent e.g. in [14]; it is thus important to understand how our results fit into
this framework. In a similar vein, it is worth uncovering how our results are related to
quantum modularity, whose role in the context of FK(x, q) invariants is discussed in [16]. Yet
another interesting question is how the expansion (1.1), and our reconstruction prescription,
are constrained by the underlying integral structure of colored HOMFLY-PT polynomials (as
captured by LMOV invariants), or the integral structure of corresponding quiver generating
series (captured by motivic Donaldson-Thomas invariants) [19,20]. Furthermore, it would be
rewarding to lift our reconstruction program to a homological level, and to understand what
relations between knot Floer homology and colored HOMFLY-PT homology it would then
reveal.
The plan of the paper is as follows. In section 2 we concisely summarize various aspects
of knot invariants that play a role in the rest of the paper. In section 3 we present our
reconstruction procedure. In section 4 we illustrate how this procedure works in various
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Knot ∆(x)
31 x
−1 − 1 + x = 1 +X
41 −x−1 + 3− x = 1−X
51 x
−2 − x−1 + 1− x+ x2 = 1 + 3X +X2
52 2x
−1 − 3 + 2x = 1 + 2X
61 −2x−1 + 5− 2x = 1− 2X
62 −x−2 + 3x−1 − 3 + 3x− x2 = 1−X −X2
63 x
−2 − 3x−1 + 5− 3x+ x2 = 1 +X +X2
71 x
−3 − x−2 + x−1 − 1 + x− x2 + x3 = 1 + 6X + 5X2 +X3
72 3x
−1 − 5 + 3x = 1 + 3X
73 2x
−2 − 3x−1 + 3− 3x+ 2x2 = 1 + 5X + 2X2
74 4x
−1 − 7 + 4x = 1 + 4X
92 4x
−1 − 7 + 4x = 1 + 4X
819 x
−3 − x−2 + 1− x2 + x3 = 1 + 5X + 5X2 +X3
Torus knots T 2,2p+1
∑p
i=−p(−1)p+ixi = 1xp 1+x
2p+1
1+x = 1 +
∑p
i=1
(
p+i
2i
)
Xi
Twist knots 41, 61, 81, . . . −px−1 + (1 + 2p)− px = 1− pX
Twist knots 31, 52, 72, . . . px
−1 + (1− 2p) + px = 1 + pX
Table 1: Alexander polynomials ∆(x) for various knots, written as a function of x and in
terms of X = (1−x)
2
x .
examples, which involve knots up to 7 crossings and some infinite series, and in particular we
derive expressions for colored superpolynomials for 74 knot.
2. An unexpected party
In this section we briefly summarize various developments in knot theory, and related physical
concepts, that play a role in what follows. At the same time, we also set up the notation that
we use in the rest of the paper.
2.1 Alexander polynomial
Alexander polynomial ∆(x) can be defined in various ways: by considering a knot diagram
and associating weights to its crossings, in terms of a Seifert matrix, by Conway’s skein
relations, etc. These are standard definitions, so instead of providing details, in table 1 we
list explicitly Alexander polynomials for various knots that we will consider in section 4. Note
that ∆(x) = ∆(x−1) and we use normalization ∆(1) = 1. Apart from the dependence on
x, we also express ∆(x) in terms of a variable X = (1−x)
2
x , which plays a crucial role in
cyclotomic expansions that we discuss in what follows.
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Furthermore, Alexander polynomial arises as an Euler characteristic of knot Floer ho-
mology ĤFK [24]
∆(q) =
∑
d,s
(−1)dqs dim ĤFKd(s). (2.1)
Knot Floer homology is expected to arise through the action of a certain differential from
HOMFLY-PT homology that we briefly discuss in the next section. Also the Melvin-Morton-
Rozansky expansion (1.1), which relates Alexander polynomial to colored HOMLFY-PT poly-
nomials, indicates on decategorified level that a relation between corresponding homology
theories should exist. From the homological perspective, it is also natural to consider the
Poincare´ characteristic of ĤFK
HFK(q, t) =
∑
d,s
tdqs dim ĤFKd(s). (2.2)
This provides a t-deformation of Alexander polynomial, and can be also obtained as a special-
ization of a superpolynomial, i.e. Poincare´ characteristic of HOMFLY-PT homology, briefly
discussed in the next section.
2.2 HOMFLY-PT homology
While knot Floer homology categorifies Alexander polynomial, it is expected that there exists
a triply-graded HOMFLY-PT homology Hi,j,k that categorifies HOMFLY-PT polynomial
P (a, q), so that
P (a, q) =
∑
i,j,k
aiqj(−1)k dimHi,j,k. (2.3)
An explicit construction of the homology theory Hi,j,k is not known, however it is expected to
satisfy a number of properties, which include the existence of certain differentials [7]. These
properties impose constraints that enable to determine e.g. a superpolynomial, i.e. Poincare´
characteristic of Hi,j,k
P (a, q, t) =
∑
i,j,k
aiqjtk dimHi,j,k =
∑
i
aaiqqitti , (2.4)
where i in the summation in the expression on the right labels homology generators, so that
each monomial in the superpolynomial represents one generator, and (ai, qi, ti) are referred to
as degrees of the i’th generator. HOMFLY-PT and Alexander polynomials arise as specializa-
tions of a superpolynomial, P (a, q) = P (a, q,−1) and ∆(q) = P (1, q,−1). Superpolynomials
for various knots are listed in table 2.
An important quantity that characterizes generators of HOMFLY-PT homology is the
so-called δ-grading [7], defined for the i’th generator as
δi = 2ai + qi − ti. (2.5)
A knot is called thin if all its generators have the same δ-grading, δ = δi = const. Knots that
do not satisfy this condition are called thick.
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Knot P(a, q, t)
31
a
q + a
2t3 + aqt2
41
1
qt + 1 +
1
at2
+ at2 + qt
51
a2
q2
+ a
3t3
q + a
2t2 + a3qt5 + a2q2t4
52
a
q +
a2t2
q + at+ a
2t3 + a3t5 + a2qt4 + aqt2
61
1
qt +
at
q +
1
at2
+ 2 + at2 + a2t4 + qt+ aqt3
62
a
q2t
+ 1
qt2
+ aq +
a2t2
q + 2at+ a
2t3 + q + aqt2 + a2qt4 + aq2t3
63
1
q2t2
+ 1
aqt3
+ 1qt +
at
q +
1
at2
+ 3 + at2 + qat + qt+ aqt
3 + q2t2
71
a3
q3
+ a
4t3
q2
+ a
3t2
q + a
4t5 + a3qt4 + a4q2t7 + a3q3t6
72
a
q +
a2t2
q +
a3t4
q + at+ 2a
2t3 + a3t5 + a4t7 + aqt2 + a2qt4 + a3qt6
73
1
a3q2t6
+ 1
a2q2t4
+ 1
a4qt7
+ 1
a3qt5
+ 1
a3qt3
+ 2
a3t4
+ 1
a2t2
+ q
a4t5
+ q
a3t3
+ q
a2t
+ q
2
a3t2
+ q
2
a2
74
a
q +
2a2t2
q +
a3t4
q + 2at+ 2a
2t3 + 2a3t5 + a4t7 + aqt2 + 2a2qt4 + a3qt6
92
a
q +
a2t2
q +
a3t4
q +
a4t6
q + at+ 2a
2t3 + 2a3t5 + a4t7 + a5t9+
+aqt2 + a2qt4 + a3qt6 + a4qt8
819
a3
q3
+ a
4t3
q2
+ a
3t2
q +
a4t5
q + a
3t4 + a4t5 + a5t8 + a3qt4 + a4qt7 + a4q2t7 + a3q3t6
T 2,2p+1 (a/q)
p
1−q2t2
(
1− (qt)2p+2 + aqt3(1− (qt)2p))
41, 61, 81, . . . 1 + (1 + atq
−1)(1 + aqt3)(a−1t−2 + 1 + . . .+ ap−2t2p−4)
31, 52, 72, . . . −t−1 + (1 + atq−1)(1 + aqt3)(t−1 + at+ . . .+ ap−1t2p−3)
Table 2: (Uncolored) superpolynomials P (a, q, t) ≡ P(a, q, t) for various knots.
It is useful to present the structure of a superpolynomial in a so-called homological
diagram, whose horizontal and vertical axes encode q-degree and a-degree of generators re-
spectively. Each dot in a diagram represents one generator or the corresponding monomial
in the superpolynomial. Examples of homological diagrams are shown in figures 1, 2, 3, etc.
One aspect of the HOMFLY-PT homology that we take advantage of, are relations be-
tween its generators imposed by the canceling differentials [7]. In particular it follows that
generators of the HOMFLY-PT homology can be assembled into two types of structures,
which we refer to as a zig-zag and a diamond. We denote zig-zags and diamonds in all homo-
logical diagrams presented in what follows. A given diagram necessarily contains one zig-zag,
which consists of an odd number of dots, and a number of diamonds.
Conjecturally, there exists also colored HOMFLY-PT homology HRi,j,k, which categorifies
HOMFLY-PT polynomials colored by a representation R
PR(a, q) =
∑
i,j,k
aiqj(−1)k dimHRi,j,k. (2.6)
The structure and properties of various differentials in such homology theories, for symmetric
representationsR = Sr, have been formulated in [8]. For a large class of knots, these structural
– 7 –
properties enable to determine corresponding colored superpolynomials, defined as
Pr(a, q, t) =
∑
i,j,k
aiqjtk dimHSri,j,k. (2.7)
For example, such colored homology theories are expected to possess canceling differentials,
which impose the following conditions on colored superpolynomials
Pr(a, q, t) = a
−rsqrst0 + (1 + a2q−2t)Q1(a, q, t) =
= a−rsq−r
2st−rs + (1 + a2q2rt3)Qr(a, q, t),
(2.8)
where Q1 and Qr are polynomials in a, q and t with positive coefficients, and s is the Ras-
mussen invariant. These conditions, and other analogous conditions arising from the existence
of other differentials, strongly constrain the form of superpolynomials. In what follows we
verify whether colored HOMFY-PT polynomials or superpolynomials that we determine for
various knots indeed satisfy these conditions. For brevity, and analogously as in (2.7), we
denote HOMFLY-PT polynomials colored by symmetric representations R = Sr simply by
Pr(a, q) = Pr(a, q,−1) =
∑
i,j,k
aiqj(−1)k dimHSri,j,k. (2.9)
For r = 1, corresponding knot polynomials (Jones, HOMFLY-PT (2.3), superpolynomial
(2.4)) are referred to as uncolored, and denoted P1(q) ≡ P (q) ≡ P(q) (where we skip a
dependence on other variables, such as a or t). Recall that some knots satisfy the exponential
growth condition, which is the statement that their colored superpolynomials (or various
specializations thereof) satisfy the relation
Pr(a, 1, t) = P(a, 1, t)
r. (2.10)
We also verify whether the expressions that we find satisfy this condition, if only it is expected
to hold for the knot under consideration.
In addition to the above 3 gradings, it is conjectured that also a closely related quadruply-
graded homology theory and corresponding superpolynomials exist [25]. It is not hard to
generalize all our results to such a quadruply-graded theory, however we skip this task for
brevity.
2.3 Cyclotomic expansions
Colored knot polynomials Pr(q) ≡ PKr (q) for a knot K (here we skip dependence on other
variables, such as a or t), colored by symmetric representations Sr, are expected to have
cyclotomic expansions, which is the statement that they can be written in the form
PKr (q) =
r∑
m=0
cm(r, q)d
K
m(q), (2.11)
– 8 –
where cm(r, q) is a universal factor that captures the whole dependence on color r and does
not depend on a knot K, while color-independent factor dKm(q) depends on a choice of a knot
K. In case of Jones polynomial the existence of such an expansion is proven in [17]; in this
case cm(r, q) = (q
r+2; q)m(q
−r; q)m, for (x; q)m =
∏m−1
i=0 (1− xqi), so that
JKr (q) =
r∑
m=0
(qr+2; q)m(q
−r; q)mdKm(q). (2.12)
Subsequently, analogous conjectures were formulated for other colored knot polynomials:
for refined (or generalized) Jones polynomial in [18], and for HOMFLY-PT polynomial and
superpolynomial in [12]. For colored HOMFLY-PT polynomial, the cyclotomic expansion is
characterized by cm(r, q) = a
αrqβr
[
r
m
]
q−rm(aqr; q)m, so that
PKr (a, q) = a
αrqβr
r∑
m=0
[
r
m
]
q−rm(aqr; q)mdKm(a, q), (2.13)
for some α and β. A generalization of this statement to superpolynomials takes form [12]
PKr (a, q, t) = ±aαrqβrtγr
r∑
m=0
[
r
m
]
q−rm(−aqrt3; q)meKm(a, q, t), (2.14)
for some α, β and γ.
2.4 Knots-quivers correspondence
The last ingredient playing an important role in our analysis is the knots-quivers correspon-
dence, found in [19, 20]. According to this correspondence, colored HOMFLY-PT homology,
and thus all knot polynomials mentioned above too, are related to quiver representation
theory. Namely, it turns out that generators of HOMFLY-PT homology for a given knot,
which in string theory realization are identified with certain fundamental BPS states, can
be also associated to nodes of some particular quiver. There are Ci,j arrows between the
i’th and the j’th node in this quiver, which encode interactions between these BPS states.
To such a quiver one can assign the so-called quiver generating series [26, 27], defined as
P (x1, . . . , xm) =
∑∞
r=0 Pr(x1, . . . , xm), where
Pr(x1, . . . , xm) =
∑
d1+...+dm=r
q
∑
i,j Ci,jdidj (q; q)r∏m
i=1(q; q)di
xd11 · · ·xdmm . (2.15)
As found in [19, 20], this generating series is equal to the generating function of colored
HOMFLY-PT polynomials, with (2.15) specializing to (2.9), upon the identification xi =
qqi−tiaai(−1)ti , where ai, qi and ti are powers of a, q and t in various monomials in the uncol-
ored superpolynomial (2.4). This explains the relation of quivers to HOMFLY-PT homology.
Furthermore, factorization of the above series determines LMOV invariants, i.e. multiplic-
ities of composite BPS states, which are made of the above mentioned fundamental BPS
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states. A simple generalization of the above expression enables also to present the generat-
ing function of colored superpolynomials (2.7) in the form of an analogous quiver generating
series, determined by the same quiver, whose structure is captured by the numbers of arrows
Ci,j [20].
Quivers corresponding to a large class of knots were found in [20, 28]; more recently
they were also identified for all rational knots [29] and arborescent knots [30]. Geometric
interpretation of knots-quivers is discussed in [31,32], and its generalization in the context of
topological string theory in [33].
In what follows we also identify quivers corresponding to various knots, by rewriting
colored polynomials in the form (2.15) with the above mentioned identification of xi. To this
end we take advantage, among the others, of the following relation
(a; q)d1+d2+...+dk∏k
i=1(q; q)di
=
∑
αi+βi=di
i=1,...,k
(−a)
∑k
i=1 αiq
1
2
∑k
i=1(α
2
i−αi)q
∑k−1
i=1 (αi+1
∑i
j=1 dj)∏k
i=1(q; q)αi(q; q)βi
. (2.16)
3. Back again from Alexander polynomial
In this section we present the main idea of this work, i.e. we explain how to reconstruct
colored HOMFLY-PT polynomials and superpolynomials, as well as FK(x, a, q) invariants
for some knot complements, from Alexander polynomial, by means of the Melvin-Morton-
Rozansky expansion (1.1), and making contact with various concepts presented in section 2.
The first step in this process is appropriate rewriting of Alexander polynomial, based on the
inverse binomial theorem. Depending on a choice of such rewriting, we obtain various forms
of final expressions. The first rewriting, that we refer to as “homological”, is discussed in
section 3.1; it relies on the structure of superpolynomials and HOMFLY-PT homology and
leads to expressions for colored polynomials which are most appropriate from the perspective
of knots-quivers correspondence. Another rewriting, which we call “cyclotomic”, is presented
in section 3.2, and its advantage is an immediate connection to cyclotomic expansions. In
section 3.3 we discuss the relation of these results to FK(x, a, q) invariants.
3.1 The “homological” approach
Our starting point is Alexander polynomial ∆(x). In the first, “homological” approach, we
write it in a way that makes manifest the structure of generators of the uncolored HOMFLY-
PT homology. As we reviewed in section 2.2, for each knot these generators are assembled
into one zig-zag and several diamonds. All these generators correspond to monomials in
the superpolynomial, so the number of such monomials is equal to the number of generators.
Moreover, Alexander polynomial arises as a specialization a = 1 = −t of the superpolynomial,
i.e. ∆(q) = P(a = 1, q, t = −1), so clearly monomials in Alexander polynomial are related
to those in superpolynomial, possibly up to some cancellations that might arise upon the
specialization t = −1. Let us show first, that such cancellations in fact do not arise for thin
knots.
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Thus, consider the superpolynomial P(a, q, t) =
∑
i a
aiqqitti for a knot that is thin,
so that δ = 2ai + qi − ti takes the same value for each generator i (i.e. for each term in
the above summation). It follows that the combination qi − ti has the same parity for all
generators (since 2ai is even). Furthermore, if a pair of generators would cancel due to a
minus sign that would arise upon t = −1 specialization to Alexander polynomial, their ti’s
would have different parity. It follows that their qi’s would also have different parity – so
powers of q in those terms would be different, and thus they could not cancel. It follows that
for thin knots the number of monomials does not change upon the specialization a = 1 = −t
from superpolynomial to Alexander polynomial, and therefore each monomial in Alexander
polynomial corresponds to a particular homology generator. This also implies that the sum of
absolute values of coefficients in Alexander polynomial is equal to the number of monomials
in the superpolynomial, which is equal to P(1, 1, 1).
To sum up, for thin knots, monomials in Alexander polynomial can be immediately
grouped into a zig-zag and diamonds, analogously as in a superpolynomial. For thick knots
one can also group the terms in Alexander polynomial into such patterns, however to this end
some additional terms must be first added and subtracted (those which cancel upon reduction
of a superpolynomial to Alexander polynomial). Nonetheless, at least for relatively simple
thick knots, it is also not hard to determine how to split Alexander polynomial into terms
that form a zig-zag and diamonds. Even though the examples we consider in this paper are
thin knots, we stress that our reconstruction procedure works analogously for thick knots too.
Therefore, suppose that in Alexander polynomial ∆(x) we identified terms associated to
a zig-zag, which we denote ∆z(x), while the terms that correspond to diamonds we denote
∆i(x) (for various diamonds labeled by i). Suppose that the zig-zag has length 2p + 1. It
follows from specialization of a superpolynomial that it must have form
∆z(x) = x
−p − x−p+1 + . . .− xp−1 + xp = x−p(1− x(1− x) p−1∑
j=0
x2j
)
, (3.1)
where interchanging signs arise from properties of canceling differentials, while the overall sign
follows from the normalization ∆(1) = 1 (because contributions from diamonds cancel for x =
1 and do not affect this overall sign). Furthermore, from specialization of a superpolynomial
and properties of canceling differentials it follows that terms assembled into diamonds have
form
∆i(x) = (−1)kixsi(1− x)2, (3.2)
for some particular ki and si for the i’th diamond. Altogether, it follows that
∆(x) = ∆z(x) +
∑
i
∆i(x) = x
−p(1− (1− x)f(x)), (3.3)
where
f(x) = x
p−1∑
j=0
x2j − (1− x)
∑
i
(−1)kixp+si . (3.4)
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Note that the first term 1 in the large bracket in (3.3) represents the left-most end of a
zig-zag. We can now use the inverse binomial theorem
1
(1− u)n =
∞∑
m=0
(
n+m− 1
m
)
um. (3.5)
Identifying u = (1 − x)f(x), we write the leading term in the Melvin-Morton-Rozansky
expansion (1.1) as a series
1
∆(x)N−1
= xp(N−1)
∞∑
m=0
(
N +m− 2
m
)
(1− x)mf(x)m. (3.6)
Moreover, from the subsequent multinomial expansion of f(x)m, we get additional binomial
coefficients. For example, if f(x) = x
∑p−1
j=0 x
2j , i.e. we have only one zig-zag and no diamonds,
we get
(
x
p−1∑
j=0
x2j
)m
=
∑
0≤kp−1≤kp−2≤...≤k1≤m
(
m
k1
)(
k1
k2
)
· · ·
(
kp−2
kp−1
)
xm+2(k1+...+kp−1). (3.7)
If in addition to a zig-zag there are some diamonds, we still get similar expressions, which
involve a number of binomial coefficients.
Therefore the series (3.6), with additional expansion of the term f(x)m as in (or gen-
eralizing) (3.7), is the expression that we wish to promote to colored HOMFLY-PT poly-
nomials, superpolynomials, or hopfully to FK(x, a, q) invariants, by appropriate q-, a-, and
t-deformation. Such deformations can be implemented by invoking various features presented
in section 2, and comparing either with several first colored polynomials, or several first co-
efficients Rk(x,N) in (1.1), in case they are known independently. As a general strategy, we
replace binomials by q-binomials, replace Pochhammer symbols by q-Pochahmmer symbols,
replace powers of certain expressions by q-Pochhammers, and allow introducing in the sum-
mand extra overall powers of a and t that are linear in summation variables, and extra overall
powers of q that are quadratic in summation variables. In what follows we use the following
notation for Pochhammer and q-Pochhammers symbols
(k)m =
m−1∏
i=0
(k − i), (y; q)m =
m−1∏
i=0
(1− yqi), (3.8)
and q-binomials are defined as[
r
m
]
=
(q; q)r
(q, q)m(q, q)r−m
=
(qr; q−1)m
(q; q)m
. (3.9)
The above general strategy concerns in particular the terms
(
N+m−2
m
)
(1−x)m = (N−1)mm! (1−
x)m that arise universally in (3.6). To get HOMFLY-PT polynomials, it is natural to deform
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them as follows(
N +m− 2
m
)
(1− x)m  (q
N−1; q)m
(q; q)m
(x; q−1)m =
(aq−1; q)m(x; q−1)m
(q; q)m
=
=
[
r
m
]
(aq−1; q)m
(3.10)
where we identified x = qr and a = qN . To get superpolynomials, the above deformation is
further modified by a single factor of t(
N +m− 2
m
)
(1− x)m  
[
r
m
]
(−aq−1t; q)m. (3.11)
The combination
[
r
m
]
(−aq−1t; q)m indeed arises in various expressions for colored superpoly-
nomials identified before [10–12]. Similarly, we replace all binomials in (3.7) or analogous
expressions by q-binomials. Furthermore, another factor of (1 − x)m gets deformed into
(−aqrt3; q)m that often accompanies (3.11).
To sum up, in view of (3.6) and (3.11), and subsequent remarks, we predict that colored
superpolynomials have the structure
Pr(a, q, t) =
arp
qrp
r∑
m=0
[
r
m
]
(−aq−1t; q)mfq(qr, a, q, t)m, (3.12)
where fq(q
r, a, q, t)m is a deformation of f(x)m, such that binomials are replaced by q-
binomials, and the summand in addition involves q raised to a power that is at most quadratic
in summation variables, and a and t are raised to a linear power is summation variables. Col-
ored HOMFLY-PT polynoials arise as t = −1 specialization of (3.12). Quadratic and linear
powers mentioned above can be fixed by comparing with the first few colored superpolynomi-
als, or HOMFLY-PT polynomials, or (in principle) with the first few coefficients R(x,N) in
(1.1). We also verify that resulting expressions are consistent with differentials in HOMFLY-
PT homologies and satisfy conditions such as (2.8), and (when relevant) with the exponential
growth (2.10).
3.2 The “cyclotomic” approach
Let us present now another expansion that we consider. It leads to expressions that are
equivalent to those found as in the previous section, however now they are written in the
cyclotomic form. To this aim, the main observation is that Alexander polynomial can be
written as a polynomial in X = (1−x)
2
x , in the form
∆(x) = 1−
s∑
i=1
ai
(1− x)2i
xi
≡ 1− g(X). (3.13)
Indeed, we know that ∆(x) = ∆(−x), so ∆(x) clearly can be written as a combination of
powers of 1x−2+x = (1−x)
2
x . One can adjust first the coefficient as by comparing with the term
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at the highest power of x in ∆(x), then adjust as−1 by comparing with the next-to-highest
power xs−1, etc. At the end a constant term needs to be fixed. However, we also know that
∆(1) = 1, and for x = 1 the sum over i in (3.13) vanishes, so the remaining constant term is
1, and altogether we obtain (3.13). Examples of Alexander polynomials written in terms of
X are provided in table 1.
The above statement can be also related to the structure of a zig-zag and diamonds in
(3.3). Namely, one can complete a zig-zag to a combination of diamonds, with an extra
operation that removes one corner of one diamond. The simplest example of such a process
arises for a zig-zag of length 3, for which we can write
x−1 − 1 + x = x−1(1− x(1− x)) = 1 + (1− x)2
x
. (3.14)
The middle expression above is written in the form (3.1) for p = 1, while the form on the
right can be interpreted as a diamond with one corner (represented by the first “1”) removed.
For longer zig-zags such an interpretation works analogously. It then follows that each zig-
zag can be written in the form ∆z(x) = 1 + h(X) for some polynomial h(X), and also each
diamond has the structure as in (3.2). Therefore the whole ∆(x) can be written in the form
(3.13) (which is still not entirely obvious due to overall powers of x at each diamond (3.2)).
Nonetheless, in this “cyclotomic” approach, these structural features are not that essential,
and it is simply crucial that we can write Alexander polynomial in the form (3.13).
Thus, starting now with (3.13), we make analogous inverse binomial expansion as in the
previous section. Note that the interpretation of the term 1 that enables the expansion is
different – as mentioned above, it represents a corner of a certain virtual diamond, obtained
from filling in a zig-zag. The inverse binomial theorem (3.5) now yields
1
∆(x)N−1
=
∞∑
m=0
(
N +m− 2
m
)
g(X)m =
∞∑
k=0
ckX
k. (3.15)
Note that in comparison to (3.6) there is no overall term xp(N−1), and most importantly the
whole dependence on x arises only through X. This enables us, after appropriate expansion
of g(X)m and rearranging summations, to write the above expression as a series in X with
certain coefficients ck.
Having found the expansion (3.15), in the second step we can deform it. Regarding
Xk = (1−x)
2k
xk
, we find that in general one factor of (1 − x)k is coupled to some other k! in
denominator and gives rise to
[
r
k
]
, analogously as in (3.10). Moreover, we still have the second
factor of (1− x)k, which universally gets deformed to
(1− x)k  (−aqrt3; q)k, (3.16)
while xk in the denominator is simply q−kr. Altogether these terms combine to
(1− x)2k
k!xk
 
[
r
k
]
q−rk(−aqrt3; q)k, (3.17)
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which captures the whole dependence on x = qr, and these are precisely the factors that
appear in the cyclotomic expansion (2.14) of superpolynomials, or (2.13) for HOMFLY-PT
polynomials. Furthermore, in coefficients k!ck we replace Pochhammers and binomials by
q-Pochhammers and q-binomials, and allow an additional deformation that may involve at
most powers of a and t linear in summation variables and powers of q quadratic in summation
variables. Ultimately we get
Pr(a, q, t) =
r∑
k=0
[
r
k
]
q−rk(−aqrt3; q)k c˜k, (3.18)
where c˜k = c˜k(a, q, t) is a deformation k!ck. This is how a cyclotomic expansion of colored
polynomials arises from this second form of expansion of Alexander polynomial.
3.3 Relation to FK(x, a, q) invariants
Let us also discuss a possible relation to FK(x, q) or FK(x, a, q) invariants, introduced re-
cently in [14–16]. These invariants could be derived analogously as above, if only it would
be possible to write the resulting series as a well-defined expansion in x. Considering the
first, “homological” approach, and taking advantage of the first line of (3.10), and adjusting
normalization by removing the overall prefactor arpq−rp (as in [16]), one might hope to get
FK(x, a, q) =
∞∑
m=0
(aq−1; q)m(x; q−1)m
(q; q)m
fq(x, a, q)
m. (3.19)
In particular, note that the whole dependence on x follows from (3.6), while subsequent
deformations are x-independent. Note however, that this expression is a well-defined series
in x, if x appears only in positive powers in (3.4). This is so for (2, 2p+ 1) torus knots, whose
homological diagram consists of a zig-zag only, which is represented by the first summation in
(3.4). For other knots, whose diagrams involve at least one diamond, the second summation
in (3.4) may introduce negative powers of x due to negative values of si. This is indeed the
case for other examples that we discuss in this paper, and thus for them we cannot identify
FK(x, a, q) in this way. It is an interesting problem whether there exist knots for which all
powers of x in (3.4) are positive – for such knots, FK(x, a, q) invariants should be given by the
above formula. On the other hand, one might hope to identify some analytic continuation of
the above expression to positive powers of x, that would lead to proper FK(x, a, q) invariants
for other knots too.
Also, note that the second, “cyclotomic” approach, does not seem to be relevant for
identifying FK(x, a, q) invariants. In this case the formula (3.18) contains explicitly both
positive and negative powers of x = qr under the summation, so (after extending the range
of summation to infinity) we do not obtain a well defined series in x.
4. Reconstructing colored (super)polynomials
In this section we illustrate our reconstruction procedure for various knots up to 7 crossings,
as well as for infinite series of torus knots and twist knots. We obtain expressions for colored
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HOMFLY-PT polynomials and superpolynomials, as well as FK invariants in the case of torus
knots. Our expressions are consistent with earlier results obtained in literature, whenever
they are known. Note that this asserts that these results are also consistent with the Melvin-
Morton-Rozansky conjecture, which has not been verified before, and which thus provides a
new independent check of their validity.
We discuss different forms of expansion, following either the approach presented in section
3.1 or in section 3.2. In particular, we start the presentation by discussing 31 and 41 knots,
not just because these are the simplest examples, but because they illustrate how to deal
with basic pieces of Alexander polynomial corresponding to a zig-zag or a diamond. Indeed,
a homological diagram for 31 knot consists only of the shortest non-trivial zig-zag (of length
3) and no diamond. On the other hand, a diagram for 41 knot consists of one diamond
and a minimal zig-zag of length 1, which is represented by “1” in (3.1) or (3.13) that is
involved in the inverse binomial expansion; in consequence the function f(x) in (3.4) – that
is subsequently deformed in (3.12) – or g(x) in (3.13), involve only a contribution from one
diamond. Analysis for other knots, whose diagrams involve longer zig-zags or more diamonds,
essentially generalizes these two prototype cases.
Note that among other examples, we also analyze 74 knot. This example is particularly
interesting, because 74 knot has the same Alexander polynomials as 92, so that one can clearly
see differences that lead to their colored superpolynomials. Moreover, HOMFLY-PT poly-
nomials and superpolynomials for 74 knot, colored by arbitrary symmetric representations,
have not been determined before, so this analysis also illustrates the power of our formalism
and contributes new explicit results of general interest.
4.1 Trefoil knot, 31
In this simplest example we discuss two types of expansions, “homological” and “cyclotomic”,
which lead to expressions for colored polynomials that are of course equal, but have different
form. The homological diagram for 31 consists of a single zig-zag of length 3, see fig. 1, so as
we already discussed in (3.14), its Alexander polynomial can be written as follows
∆31(x) = x
−1 − 1 + x = x−1(1− x(1− x)) = 1 + (1− x)2
x
. (4.1)
First, we consider the “homological approach”. It is based on the middle expression
above, which is (3.3) with p = 1 and f(x) = x. From the inverse binomial theorem we find
that (3.6) reads
1
∆N−131 (x)
= xN−1
∞∑
m=0
(
N +m− 2
m
)
xm(1− x)m. (4.2)
Let us reconstruct now colored HOMFLY-PT polynomials. Following our prescription
(3.12), the terms
(
N+m−2
m
)
(1− x)m are deformed into [ rm](aq−1; q)m, and we have xN−1 = arqr
and xm = qrm, so that colored HOMFLY-PT polynomials are expected to take form (note
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Figure 1: Homological diagram for 31 knot. Each dot represents one homology generator or a
monomial in the superpolynomial. Horizontal and vertical axes encode respectively q-degrees
and a-degrees of generators.
that the range of summation is in fact limited by r)
P 31r (a, q) =
ar
qr
r∑
m=0
[
r
m
]
qrmqαm
2+βmaγm(aq−1; q)m, (4.3)
with additional potential deformation specified by α, β and γ that still need to be determined.
These parameters can be fixed in various ways. First, one can compare the above formula with
known expressions for small colors. Uncolored HOMFLY-PT polynomial P 311 (a, q) follows
from the table 2, and r = 2 polynomial is also known
P 312 (a, q) = a
2q−2 + a2q(1 + q)(1− aq−1) + a2q4(1− aq−1)(1− a). (4.4)
Comparing (4.3) for r = 2 with these first two colored polynomials suffices to fix α, β and γ.
Alternatively, to fix (4.3), one can expand it in ~ and compare with higher order coef-
ficients Rk in (1.1), if they would be known independently. In general, because the number
of parameters to be fixed in (3.12) is finite, it is sufficient to consider finite number of Rk
coefficients. For completeness we find that
R311 (x,N) = −
(N − 1)(x− 1) (N((x− 1)x+ 2)− 2 (x3 + 1))
2x2
, (4.5)
which for N = 2 reduces to the result given in [14].
The above comparisons yield α = γ = 0 and β = 1, and lead to the final result
P 31r (a, q) =
ar
qr
r∑
m=0
[
r
m
]
qm(r+1)(aq−1; q)m. (4.6)
Analogous computation, however including t-dependence, leads to the following form of col-
ored superpolynomials
P 31r (a, q, t) =
ar
qr
r∑
m=0
[
r
m
]
qm(r+1)t2m(−aq−1t; q)m. (4.7)
These results are in agreement with colored superpolynomials found by other means in [10].
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Furthermore, we note that the above analysis yields various information about the cor-
responding quiver. The expression (4.3), after q-binomial expansion of (aq−1; q)m, can be
written as
P 31r (a, q) =
ar
qr
∞∑
0≤j≤m
(q; q)r
(q; q)r−m(q; q)m−j(q; q)j
qrm+αm
2+βmaγm.(−a)jq j2 (j−3) =
=
∑
d1+d2+d3=r
(q; q)r(−1)d3ar+γ(d2+d3)+d3
(q; q)d1(q; q)d2(q; q)d3
q(d1+d2+d3)(d2+d3)+
d3
2
(d3−3)+α(d2+d3)2+β(d2+d3)−r,
(4.8)
where summations in the second line are rewritten in terms of d1 = r −m, d2 = m − j and
d3 = j, so that the second line takes form of a quiver generating series [20]. Recall that the
underlying quiver is determined only by powers of q quadratic in di. Note that the dependence
on d1 arises only from the coefficient rm = (d1 +d2 +d3)(d2 +d3), which thus determines the
first row (and column) of the quiver matrix as C1,1 = 0 and C1,2 = C1,3 = 1, in agreement
with [19]. This shows that even without fixing parameters α, β and γ, we can deduce at least
a partial information about the corresponding quiver. Furthermore, α is the only parameter
that determines remaining quadratic terms, and it can be determined already from the first
correction (4.5) in the Melvin-Morton-Rozansky expansion (1.1). Thus this first correction is
sufficient to specify the whole quiver (even though additional parameters β and γ need to be
determined by further corrections Rk, or by other means). Fixing α = 0, as explained above,
from quadratic terms in the power of q in (4.8) we find that the whole quiver matrix takes
form
C =
 0 1 11 2 2
1 2 3
 (4.9)
in agreement with the results in [20]. Note that this quiver consists of 3 nodes, which are in
one-to-one correspondence with generators of HOMFLY-PT homology, and diagonal elements
of the above matrix are t-degrees of these generators. The fact that we immediately obtain
this particular quiver is the feature of the particular form of (4.6).
Let us now discuss the second, “cyclotomic” form of expansion. In this case we consider
Alexander polynomial written as in the expression on the right in (4.1), which corresponds
to g(X) = −X in (3.13). In this case the inverse binomial expansion (3.15) yields
1
∆N−131 (x)
=
∞∑
m=0
(−1)m
(
N +m− 2
m
)
(1− x)2m
xm
=
∞∑
m=0
(−1)m(N − 1)m (1− x)
2m
m!xm
. (4.10)
To determine colored HOMFLY-PT polynoial, we deform the Pochhammer (N − 1)m to
(aq−1; q)m, and taking into account (3.17) we get
P 31r (a, q) =
r∑
m=0
(−1)m
[
r
m
]
q−rmqαm
2+βmaγm(aq−1; q)m(aqr; q)m. (4.11)
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Fixing α, β and γ as above, by comparison to the first and the second colored polynomial, we
find α = β = 1/2 and γ = 0, so that finally
P 31r (a, q) =
r∑
m=0
(−1)m
[
r
m
]
q−rm+(m
2+m)/2(aq−1; q)m(aqr; q)m. (4.12)
Analogous computation, however including dependence of t, leads to colored superpolynomial
P 31r (a, q, t) = (−t)−r
r∑
m=0
(−1)m
[
r
m
]
q−rm+(m
2+m)/2(−aq−1t; q)m(−aqrt3; q)m. (4.13)
This expression is of cyclotomic form (2.14), which is different than (4.7), but of course both
these results yield the same P 31r (a, q, t). However, for (4.12) straightforward manipulations
lead to a quiver of size 5 (see also [20]), which has two extra generators compared to (4.9).
Therefore we obtain the cyclotomic form at the expense of loosing a nice correspondence
between quiver nodes and homology generators.
Finally, we stress that for trefoil knot, the “homological” reconstruction scheme enables to
determine the a-deformed invariant FK(x, a, q), as already advertised in (3.19). This invariant
arises from similar deformations of the expression (4.2) as above. We simply express the
result in terms of x (i.e. without substituting x = qr), and also leave an infinite range of
summation over m. We again stress that the entire dependence on x arises already from the
expression (4.2), while the subsequent deformation introduces only x-independent corrections.
Identifying F31(x, a, q) in this way is possible, because x arises only in positive powers in (4.2),
so that we obtain a well defined series in powers of x. Removing the overall normalization
factor xN−1 we obtain then the same result as in [16]
F31(x, a, q) =
∞∑
m=0
xmqm
(x; q−1)m(aq−1; q)m
(q; q)m
. (4.14)
Note that the second approach, which leads to (4.10), is not suitable in this case and does not
lead to F31(x, a, q) invariant, because of the presence of both positive and negative powers of
x in the summand of (4.10).
4.2 Figure-eight knot, 41
Figure-eight knot is a prototype example of how to deal with pieces of Alexander polynomial
corresponding to diamonds. The homological diagram for 41 knot, shown in fig. 2, consists of
one diamond and a zig-zag of minimal length 1, and for the latter reason the “homological”
and “cyclotomic” expansions essentially overlap.. The corresponding superpolynomial is given
in table 2. It is not hard to deduce its structure from Alexander polynomial, which we write
accordingly
∆41(x) = −x−1 + 3− x = 1−
(1− x)2
x
, (4.15)
which is automatically in the form relevant for cyclotomic expansion (3.13), with g(X) = X.
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Figure 2: Homological diagram for 41 knot.
The formulae (3.6) and (3.15) both yield
1
∆41(x)
N−1 =
∞∑
m=0
(
N +m− 2
m
)
(1− x)2m
xm
=
∞∑
m=0
(N − 1)m (1− x)
2m
m!xm
. (4.16)
Note that it differs from the result for trefoil (4.10) only by a sign (−1)m. Therefore its
deformation is analogous; we promote the Pochhammer (N − 1)m to (aq−1; q)m, and taking
into account (3.17) we get
Pr(a, q) =
r∑
m=0
[
r
m
]
aαmqβm
2+γmq−rm(aq−1; q)m(aqr; q)m, (4.17)
where α, β and γ encode potential further deformations yet to be specified. These parameters
can be fixed by comparison with the uncolored HOMFLY-PT polynomial following from table
2, and the polynomial in the second symmetric representation
P 412 (a, q) = 1 + a
−1q−1(1 + q)(1− aq−1)(1− aq2)+
+ a−2q−2(1− aq−1)(1− aq2)(1− a)(1− aq3). (4.18)
Alternatively, one can compare subleading terms in the Melvin-Morton-Rozansky expansion
of (4.17) with the polynomials Rk(x,N) in (1.1). For example, the first subleading correction
in this expansion takes form by
R411 (x,N) = −
(N − 2)(N − 1)((x− 3)x+ 1)(x2 − 1)
2x2
. (4.19)
In particular, from the first two colored polynomials we fix α = −1, β = 0 andγ = 1, so that
P 41r (a, q) =
r∑
m=0
[
r
m
]
a−mq−rm+m(aq−1; q)m(aqr; q)m. (4.20)
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Including t-dependence in the above computation, we analogously find the formula for colored
superpolynomials
P 41r (a, q, t) =
r∑
m=0
[
r
m
]
a−mq−rm+mt−2m(−aq−1t; q)m(−aqrt3; q)m. (4.21)
These expressions are in agreement with the results in [20]. Note that, as expected, we get a
cyclotomic expression (2.14).
We can also relate the above analysis to the knots-quivers correspondence. Because in
this case “cyclotomic” and “homological” expansions overlap, we now find a quiver whose
size agrees with the number of HOMFLY-PT generators. We simply rewrite (4.17) using the
identity (2.16)
Pr(a, q) =
∞∑
0≤j≤k
k−j∑
l=0
j∑
m=0
(−1)j+l+m (q; q)r
(q; q)r−k(q; q)k−j−l(q; q)l(q; q)j−m(q; q)m
×
× q 12 (l2+m2−3(l+m))qβk2+γk qjl+ j2 (j−1)+rj−rkal+m+j+αk.
(4.22)
Then setting d1 = r − k, d2 = k − j − l, d3 = j −m, d4 = l and d5 = m brings this expression
to the form of a quiver generating series. As before, the first row (column) of the quiver
matrix is determined even before fixing parameters α, β and γ: this first row arises from
quadratic powers of q of the form r(j − k) = (d1 + . . . + d5)(−d2 − d4), which implies that
C11 = C13 = C15 = 0, C12 = C14 = −1. Fixing parameters α, β and γ gives rise to the full
quiver then, in agreement with [20].
4.3 51 knot
The analysis for 51 knot is analogous to the trefoil. However, in this case extra summations
in expressions for colored polynomials arise, so we also discuss this example in detail, albeit
focusing only on the “homological” expansion. Homological diagram for 51 knot consists of
a zig-zag of length 5, so its Alexander polynomial takes form (3.1) with p = 2
∆51(x) =
1
x2
(
1− x(1− x)(1 + x2)), (4.23)
so that (3.4) takes form f(x) = x(1 + x2), and then (3.6) reads
1
∆51(x)
N−1 = x
2(N−1)
∞∑
m=0
(
N +m− 2
m
)
xm(1− x)m(1 + x2)m =
= x2(N−1)
∞∑
0≤k2≤k1
(
N + k1 − 2
k1
)(
k1
k2
)
xk1+2k2(1− x)k1 .
(4.24)
For colored HOMFLY-PT polynomials, our quantization rules now yield
P 51r (a, q) =
a2r
q2r
r∑
0≤k2≤k1
[
r
k1
][
k1
k2
]
qr(k1+2k2)+α(k1,k2)aβ1k1+β2k2(aq−1; q)k1 , (4.25)
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Figure 3: Homological diagram for 51 knot.
where α(k1, k2) is a quadratic polynomial in k1 and k2, which together with parameters β1
and β2 still needs to be fixed. By comparing with HOMFLY-PT polynomials for r = 1 (in
table 2) and for r = 2
P 512 (a, q) = a
2q−2
(
1 + (1 + q)(1− aq−1)(q3 + q7)+
+ (1− aq−1)(1− a)(q6 + (1 + q)q9 + q12)) (4.26)
we find α(k1, k2) = k1 + k2 − k1k2 and β1 = β2 = 0, so that
P 51r (a, q) =
a2r
q2r
r∑
0≤k2≤k1
[
r
k1
][
k1
k2
]
qr(k1+2k2)+k1+k2−k1k2(aq−1; q)k1 . (4.27)
Including dependence on t in the computation, we analogously reconstruct colored superpoly-
nomials
P 51r (a, q, t) =
a2r
q2r
r∑
0≤k2≤k1
[
r
k1
][
k1
k2
]
qr(k1+2k2)+k1+k2−k1k2t2(k1+k2)(−aq−1t; q)k1 . (4.28)
This expression is not cyclotomic (to find such form one should follow the “cyclotomic”
expansion), however it can be immediately rewritten in the quiver form, for a quiver with 5
nodes, which are in one-to-one correspondence with HOMFLY-PT generators.
Furthermore, following (3.19), and similarly as in the case of trefoil, the analogous trans-
formations enable us to reconstruct the invariant F51(x, a, q). The whole dependence on x
follows simply from (4.24). Removing normalization factor x2(N−1) we then reproduce (in
agreement with [16])
F51(x, a, q) =
r∑
0≤k2≤k1
[
k1
k2
]
xk1+2k2qk1+k2−k1k2
(x; q−1)k1(aq−1; q)k1
(q; q)k1
. (4.29)
4.4 (2, 2p+ 1) torus knots
Analogously to the 51 case, we can reconstruct colored polynomials for (2, 2p+ 1) torus knots
for any p. For brevity, we also focus only on the “homological” expansion. For a given p,
Alexander polynomial takes form (3.1), and the inverse binomial theorem (3.6) yields
1
∆(x)N−1
= xp(N−1)
∞∑
0≤kp≤...≤k1
(
N + k1 − 2
k1
)(
k1
k2
)
· · ·
(
kp−1
kp
)
xk1+2k2+...+2kp(1− x)k1 ,
(4.30)
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where multiple binomials arise from the expansion of f(x)m = (x
∑p−1
j=0 x
2j)m. q-deformation
and a-deformation of this expression yields the formula for colored HOMFLY-PT polynomials
Pr(a, q) =
apr
qpr
∞∑
0≤kp≤...≤k1
[
r
k1
]
...
[
kp−1
kp
]
(aq−1; q)k1 q
r(k1+2k2+...+2kp) qα(k1,...,kp)a
∑
i βik1 , (4.31)
where α(k1, . . . , kp) is a quadratic polynomial in ki that needs to be specified together with
parameters βi, either by comparison with the first few colored polynomials, or with the first
few coefficients Rk in (1.1). Such a comparison yields the final result
Pr(a, q) =
apr
qpr
r∑
0≤kp≤...≤k1
[
r
k1
]
· · ·
[
kp−1
kp
]
q(2r+1)(k1+...+kp)−rk1−k1k2−...−kp−1kp(aq−1; q)k1 .
(4.32)
Furthermore, including t-dependence in the above computation leads to the form of colored
superpolynomials
Pr(a, q, t) =
apr
qpr
r∑
0≤kp≤...≤k1
[
r
k1
]
· · ·
[
kp−1
kp
]
q(2r+1)(
∑p
i=1 ki)−rk1−
∑p−1
i=1 kiki+1t2
∑p
i=1 ki(−aq−1t; q)k1
(4.33)
matching the results in [20].
In this general case let us also identify the information about the corresponding quiver.
Using (2.16) we can rewrite (4.31) in the form
Pr(a, q) =
apr
qpr
∞∑
0≤kp≤...≤k1
k1−k2∑
l1=0
. . .
kp∑
lp=0
qr(k1+2k2+...+2kp) qα(k1,...,kp)a
∑
i βik1×
× (−a)
l1+...+lpq
1
2
∑p
i=1(l
2
i−3li)qk1(l2+...+lp)−k2l2...−kplp
(q; q)k1−k2−l1(q; q)l1 ...(q; q)lp1 (q; q)kp−1−kp−lp−1(q; q)lp−1(q; q)lp(q; q)kp−lp
.
(4.34)
Changing the variables as follows d1 = r − k1, d2 = l1, d3 = k1 − k2 − l1, . . . , d2p−2 =
lp−1, d2p−1 = kp−1 − kp − lp−1, d2p = lp, d2p+1 = kp − lp, the denominators in the above
expression are turned to
∏2p+1
i=1 (q; q)di , and the whole expression takes form of a quiver gen-
erating function. The form of the quiver arises from quadratic powers of q, and in particular
the first row arises from terms proportional to r =
∑
i di, which is the only source of d1.
There is one such term
r(k1 + 2k2 + ...+ 2kp) =
= r(l1 + (k1 − k2 − l1)) + 3r(l2 + (k2 − k3 − l2)) + . . .+ (2p− 1)r(lp + (kp − lp)) =
= r
(
d2 + d3 + 3d3 + . . .+ (2p− 1)(d2p + d2p+1)
)
.
(4.35)
It follows that C11 = 0, C12 = C13 = 1, C14 = C15 = 3, . . . , C1,2p = C1,2p+1 = 2p − 1, so
that we can fix the first row (and column) of the quiver even without fixing α(k1, . . . , kp) and
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βi. Once these parameters are fixed, we can then read off the whole quiver matrix, which is
consistent with [20].
Finally, for this whole family of torus knots K = T 2,2p+1 we can also reconstruct
FK(x, a, q) invariants, following (3.19), and analogously to 31 and 51 case. The whole x-
dependence follows from (4.30), and after appropriate deformation, and removing xp(N−1)
prefactor, we obtain the same result as in [16]
FT 2,2p+1 =
∑
0≤kp≤...≤k1
[
k1
k2
]
· · ·
[
kp−1
kp
]
xk1+2
∑p
i=2 kiq
∑p
i=1 ki−
∑p
i=2 ki−1ki
(x; q−1)k1(aq−1; q)k1
(q; q)k1
.
(4.36)
4.5 Twist knots 41, 61, 81, . . .
We consider now a family of twist knots (2p + 2)1, for p = 1, 2, 3, . . .. The case p = 1 is the
figure-eight knot 41, and the analysis from section 4.2 generalizes to other values of p. For
a fixed p, a homological diagram consists of p diamonds displaced vertically and a zig-zag
of minimal length 1, as seen in the example of 61 knot in fig. 4. For a given p, Alexander
polynomial takes form
∆(x) = 1− p(1− x)
2
x
. (4.37)
Because the zig-zag is of length 1, this form is relevant for both “homological” and “cyclo-
tomic” expansion. In this case the inverse binomial expansion takes form
1
∆(x)N−1
=
∞∑
0≤kp≤...≤k1
(
N + k1 − 2
k1
)(
k1
k2
)(
k2
k3
)
. . .
(
kp−1
kp
)
(1− x)2k1
xk1
. (4.38)
Following the quantization and deformation prescription we find that colored HOMFLY-
PT polynomials take form
Pr(a, q) =
∞∑
0≤kp≤...≤k1
[
r
k1
]
· · ·
[
kp−1
kp
]
(aq−1; q)k1 (aq
r; q)k1q
−rk1qα(k1,...,kp)a
∑p
i=1 βiki , (4.39)
where α(k1, . . . , kp) is a quadratic polynomial in ki, and βi are parameters. Fixing them by
comparing with several first colored polynomials yields the same result as in [10,11]
Pr(a, q) =
∞∑
0≤kp≤...≤k1
[
r
k1
]
· · ·
[
kp−1
kp
]
(aq−1; q)k1(aq
r; q)k1q
−rk1+k1a−k1+k2+...+kp×
× q(k22+...+k2p)−(k2+k3+...+kp).
(4.40)
The generalization to the colored superpolynomials yields
Pr(a, q, t) =
∞∑
0≤kp≤...≤k1
[
r
k1
]
· · ·
[
kp−1
kp
]
(−aq−1t; q)k1(−aqrt3; q)k1q−rk1+k1a−k1+k2+...+kp×
× q(k22+...+k2p)−(k2+k3+...+kp)t−2k1+2(k2+k3+···+kp).
(4.41)
– 24 –
-1
1
2
a
Figure 4: Homological diagram for 61 knot.
Note that this result is of cyclotomic form (2.13), and we can also relate it to the corre-
sponding quiver. The identity (2.16) yields
P (2p+2)1r (a, q) =
∞∑
0≤kp≤...≤k1
q−rk1qα(k1,...,kp)a
∑p
i=1 βiki
(q; q)r
(q; q)r−k1
×
×
k1−k2∑
l1=0
· · ·
kp∑
lp=0
(−aqr)l1+...+lpq 12
∑p
i=1(l
2
i−li)qk1(l2+...+lp)−k2lp−...−kplp×
×
l1∑
m1=0
k1−k2−l1∑
n1=0
· · ·
lp∑
mp=0
kp−lp∑
np=0
(−a)m1+n1+...+mp+npq 12
∑p
i=1(m
2
i+n
2
i−3mi−3ni)
(q; q)m1(q; q)n1 · · · (q; q)mp(q; q)np
×
× q
TF1
(q; q)l1−m1(q; q)k1−k2−l1−n1 · · · (q; q)lp−mp(q; q)kp−lp−np
(4.42)
where
TF1 = (k1(n1 + ...+ np)− k2n2 − ...− kpnp)+
+ l1(m2 + ...+mp) + l2(n1 +m3 + ...+mp) + l3(n1 + n2 +m4 + ...+mp−1)+
+ l4(n1 + n2 + n3 +m5 + ...+mp−1) + ...+ lp−1(n1 + ...+ np−1 +mp).
(4.43)
Changing the summation variables in the above formula as d1 = r − k1, d2 = k1 − k2 − l1 −
m1, d3 = l1 − n1, d4 = l1, d5 = n1, and so on, leads to the form of the quiver generating
function. As before, we can now identify the first row of the quiver matrix, which arises from
quadratic powers of q proportional to r. In this way we find C12 = C14 = . . . = C1,2p−2 =
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C1,2p = −1, and all other entries are zero. Furthermore, after fixing α(k1, . . . , kp) and βi as
in (4.40), we reconstruct the full quiver in agreement with [20].
4.6 Twist knots 31, 52, 72, . . .
The second family of twist knots consists of knots 31, 52, 72, . . ., which we label respectively
by p = 1, 2, 3, . . .. Their homological diagrams consist of a zig-zag of length 3 and (p − 1)
diamonds displaced vertically, and have 4p − 1 generators, as shown in the example in fig.
5. Trefoil, the first knot in this family, is a little special, and its diagram consists of a zig-
zag only. We write Alexander polynomial for knots in this family in the form relevant for
“cyclotomic” expansion
∆(x) = 1 + p
(1− x)2
x
. (4.44)
Note that it differs only by a sign from the result for the previous family of twist knots (4.37).
From the inverse binomial theorem we get
1
∆N−1(x)
=
∞∑
0≤kp≤...≤k1
(−1)k1
(
N + k1 − 2
k1
)(
k1
k2
)(
k2
k3
)
· · ·
(
kp−1
kp
)
(1− x)2k1
xk1
. (4.45)
1
2
3
4
a
Figure 5: Homological diagram for 72 knot.
As usual, appropriate deformation of this expression, including (3.17), yields
Pr(a, q) =
r∑
0≤kp≤...≤k1
(−1)k1
[
r
k1
][
k1
k2
]
· · ·
[
kp−1
kp
]
(aq−1; q)k1(aq
r; q)k1q
−rk1qα(k1,...,kp)a
∑
i βiki ,
(4.46)
where α(k1, . . . , kp) is a quadratic polynomial in summation variables ki. By comparison
with first colored polynomials one can fix the form of α(k1, . . . , kp) and βi, which leads to the
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results consistent with [11]. We have already explicit formula for colored polynomials for 31
knot in (4.12). As another example, explicit formulae for 52 knot and 92 take form
P 52r (a, q) =
r∑
0≤k2≤k1
(−1)k1
[
r
k1
][
k1
k2
]
ak2q−k1r+(k
2
1+k1)/2+(k
2
2−k2)(aq−1; q)k1(aq
r; q)k1 (4.47)
and
P 92r (a, q) =
∞∑
0≤k4≤k3≤k2≤k1
(−1)k1
[
r
k1
][
k1
k2
][
k2
k3
][
k3
k4
]
(aq−1; q)k1(aq
r; q)k1×
× q−k1r+(k21+k1)/2+(k22+k23+k24−k2−k3−k4)ak2+k3+k4 .
(4.48)
For arbitrary twist knot in this family, i.e. for trefoil corresponding to p = 1, and for (2p+1)2
knot for p > 1, we find
Pr(a, q) =
r∑
0≤kp≤...≤k1
(−1)k1
[
r
k1
][
k1
k2
]
· · ·
[
kp−1
kp
]
(aq−1; q)k1(aq
r; q)k1×
× q−rk1+(k21+k1)/2+
∑p
i=2(k
2
i−ki)a
∑p
i=2 ki .
(4.49)
Furthermore, we find that the t-dependent colored superpolynomials for this class of knots
read
Pr(a, q, t) =
r∑
0≤kp≤...≤k1
(−1)r+k1
[
r
k1
][
k1
k2
]
· · ·
[
kp−1
kp
]
(−aq−1t; q)k1(−aqrt3; q)k1×
× q−rk1+(k21+k1)/2+
∑p
i=2(k
2
i−ki)a
∑p
i=2 kit2
∑p
i=2 ki−r.
(4.50)
These results are of cyclotomic form.
For this family of twist knots, using the identity (2.16), one can also find corresponding
quivers, and deduce their partial structure even before determining all deformation param-
eters. However, starting from the expression (4.49), we would obtain a quiver whose size
is larger than the number of homology generators. To obtain a quiver of appropriate size
we should find an expression for colored polynomials following the “homological” expansion,
which we skip for brevity.
4.7 62 knot
We consider now 62 knot. Interestingly, diamonds in its homological diagram are displaced
horizontally as shown in fig. 6, which results in a bit more involved analysis than in other
examples. Colored superpolynomials for this knot have been determined in [12], so we will
illustrate how those results can be reproduced from our perspective. First, we rewrite Alexan-
der polynomial in the form
∆62(x) = −x2 − x−2 + 3x+ 3x−1 − 3 =
= (x+ x− 1− x2)︸ ︷︷ ︸
diamond 1
+ (x−1 + x−1 − 1− x−2)︸ ︷︷ ︸
diamond 2
+ (−1 + x+ x−2)︸ ︷︷ ︸
zig-zag of length 2
=
= 1− (1− x)
2
x
− (1− x)
4
x2
.
(4.51)
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In the middle line we indicated explicitly how various monomials are associated to a zig-
zag and two diamonds in the homology diagram. In the third line we rewrite Alexander
polynomial in the cyclotomic form, so that the inverse binomial expansion (3.15), with g(X) =
X(1 +X) and X = (1−x)
2
x , yields
1
∆(x)N−1
=
∞∑
m=0
(
N +m− 2
m
)
Xm(1−X)m =
∞∑
k1=0
ck1X
k1 . (4.52)
The coefficients ck1 arise from assembling fixed powers of X and take form
ck1 =
bk1/2c∑
l=0
(
N + k1 − l − 2
k1 − l
)(
k1 − l
l
)
=
=
k1∑
0≤k3≤k2
(−1)k2+k3
(
N + k2 − 2
k2
)(
k2
k3
)(
N + k1 − k2 + k3 − 2
k1 − k2
) (4.53)
where we used a non-trivial identity to get the expression in the second line.
0
1
2
a
Figure 6: Homological diagram for 62 knot.
We deform now the summand in (4.52) as follows
ck1X
k1 = (−1)k2+k3
(
N + k2 − 2
k2
)(
k2
k3
)(
N + k1 − k2 + k3 − 2
k1 − k2
)
(1− x)2k1
xk1
 
 (−1)k2+k3 (q, q)r
(q, q)r−k1
(q(N−1); q)k2
(q; q)k2−k3(q; q)k3
(q(N+k3−1); q)k1−k2
(q; q)k1−k2
(qN+r; q)k1
qrk1
=
= (−1)k2+k3
[
r
k1
][
k1
k2
][
k2
k3
]
(aq−1; q)k2(aq
k3−1; q)k1−k2(aq
r; q)k1q
−rk1 ,
(4.54)
which then yields
Pr(a, q) =
r∑
0≤k3≤k2≤k1
(−1)k2+k3
[
r
k1
][
k1
k2
][
k2
k3
]
q−rk1+α(k1,k2,k3)a
∑3
i=1 βiki×
× (aq−1; q)k2(aqk3−1; q)k1−k2(aqr; q)k1 ,
(4.55)
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where α(k1, k2, k3) is a quadratic polynomial. Its form, as well as parameters βi, can be fixed
by comparison with t = −1 specialization of the uncolored superpolynomial in table 2, which
can also be rewritten as follows (it is instructive to identify a zig-zag and diamonds from fig.
6 in this form)
P(a, q) = −t−1 + (q−1t−2 + t−1 + q)(1 + aq−1t)(1 + aqt3), (4.56)
and S2-colored polynomial
P2(a, q) = 1 + (1 + q)(q
−2 + 1− q−1)(1− a/q)(1− aq2)+
+ q−4(1− aq−1)(1− a)(1− aq2)(1− aq3)+
+ (q−1 − (1 + q) + q2)(1− aq−1)(1− a)(1− aq2)(1− aq3)+
− q−2(1 + q)(1− aq−1)(1− aq−1)(1− aq2)(1− aq3)+
+ q−1(1 + q)(1− aq−1)(1− a)(1− aq2)(1− aq3).
(4.57)
In particular, the terms in the last two lines above, independently fix the structure of q-
Pochhammers in the second line of (4.55) and motivate the identity that we used in (4.53).
Note that more complicated structure of q-Pochhammers in the second line of (4.55) than in
other examples is a consequence of horizontal displacement of two diamonds in the homological
diagram. Having fixed α(k1, k2, k3) and βi, we find the final result
Pr(a, q) =
r∑
0≤k3≤k2≤k1
[
r
k1
][
k1
k2
][
k2
k3
]
(aq−1; q)k2(aq
k3−1; q2)k1−k2(aq
r; q)k1×
× (−1)k2+k3q 12k3(k3+1)− 12k2(k2−1)+k1k2−rk1 ,
(4.58)
which is in agreement with the expression in [12], and proves that this expression is consistent
with the Melvin-Morton-Rozansky theorem. It is also not difficult to include the t-dependent
refinement. An analogous computation as above yields
Pr(a, q, t) =
r∑
0≤k3≤k2≤k1
[
r
k1
][
k1
k2
][
k2
k3
]
(−aq−1t; q)k2(−aqk3−1t; q2)k1−k2(−aqrt3; q)k1×
× (−1)r−k1q 12k3(k3+1)− 12k2(k2−1)+k1k2−rk1tk2+k2−k1−r.
(4.59)
As expected, these final expressions have the cyclotomic form.
4.8 63 knot
For completeness we also discuss the knot 63, whose analysis is very similar to the previous
62 example. Its homological diagram consists of three diamonds and a zig-zag made of one
dot, see fig. 7. Its Alexander polynomial can be rewritten as follows
∆63(x) = x
−2 − 3x−1 + 5− 3x+ x2 =
= 1︸︷︷︸
trivial zig-zag
+ (x−2 − 2x−1 + 1)︸ ︷︷ ︸
diamond 1
+ (x2 − 2x+ 1)︸ ︷︷ ︸
diamond 2
+ (−x−1 + 2− x)︸ ︷︷ ︸
diamond 3
=
= 1 +
(1− x)2
x
+
(1− x)4
x2
.
(4.60)
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Figure 7: Homological diagram for 63 knot.
In the middle line we identify elements of the homological diagram. Note that the third line
differs only in signs from 62 example (4.51), which is a consequence of replacing a zig-zag of
length 3 (for 62) by a diamond and a zig-zag of length 1 (for 63). Therefore we can conduct
the inverse binomial expansion analogously as in (4.52), also using the identity (4.53), just
taking care of the signs
1
∆N−163 (x)
=
∞∑
0≤k3≤k2≤k1
(−1)k1+k3
(
N + k2 − 2
k2
)(
k2
k3
)(
N + k1 − k2 + k3 − 2
k1 − k2
)
(1− x)2k1
xk1
.
(4.61)
Furthermore, we take advantage of the same deformation of this expression as in (4.54), which
results in
Pr(a, q) =
r∑
0≤k3≤k2≤k1
(−1)k1+k3
[
r
k1
][
k1
k2
][
k2
k3
]
q−rk1+α(k1,k2,k3)a
∑3
i=1 βiki×
× (aq−1; q)k2(aqk3−1; q)k1−k2(aqr; q)k1 .
(4.62)
As usual, we fix βi and a quadratic polynomial α(k1, k2, k3) by comparing with t = −1
specialization of the uncolored superpolynomial in table 2, which can also be written as (it is
again instructive to identify a zig-zag and diamonds from fig. 7 in this expression)
P(a, q, t) = 1 + a
−1(q−1t−3 + t−2 + qt−1)(1 + aq−1t)(1 + aqt3), (4.63)
and the S2-colored polynomial
P2(a, q) = 1− a−1(1 + q)(q−2 + 1− q−1)(1− aq−1)(1− aq2)
+ a−2q−2(1− aq−1)(1− a)(1− aq2)(1− aq3)
+ a−2(q−5 − (1 + q)q−4 + q−2)(1− aq−1)(1− a)(1− aq2)(1− aq3)
+ a−2q−5(1 + q)(1− aq−1)(1− aq−1)(1− aq2)(1− aq3)
− a−2q−4(1 + q)(1− aq−1)(1− a)(1− aq2)(1− aq3).
(4.64)
Similarly as for 62 knot, the terms in the last two lines above fix the structure of q-Pochhammers
in the second line of (4.62), whose more complicated structure is a consequence of a horizontal
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displacement of diamonds in the homological diagram. From this comparison we get the final
result
Pr(a, q) =
∞∑
0≤k3≤k2≤k1
[
r
k1
][
k1
k2
][
k2
k3
]
(aq−1; q)k2(aq
k3−1; q)k1−k2(aq
r; q)k1×
× (−1)k1+k3a−k1q 12k21+ 12k23−k1k2−rk1+ 32k1−k2+ 12k3 .
(4.65)
Furthermore, an analogous computation reveals the form of colored superpolynomials
Pr(a, q, t) =
∞∑
0≤k3≤k2≤k1
[
r
k1
][
k1
k2
][
k2
k3
]
(−aq−1t; q)k2(−aqk3−1t; q)k1−k2(−aqrt3; q)k1×
× tk3−2k2−k1a−k1q 12k21+ 12k23−k1k2−rk1+ 32k1−k2+ 12k3 .
(4.66)
These results are of cyclotomic form, and are consistent with the expression in [12], which in
addition proves that this expression has correct Melvin-Morton-Rozansky limit.
4.9 74 knot
As the final example we consider 74 knot. Its colored HOMFLY-PT polynomials or su-
perpolynomials have not been written explicitly before, so we may take advantage of our
reconstruction scheme to provide such new results. This example is also instructive, because
Alexander polynomial for 74 knot is the same as for 92. Homological diagrams for these two
knots consist of a zig-zag of length 3 and three vertically displaced diamonds. For 92 these
diamonds are displaced uniformly, while for 74 two of these diamonds overlap, as shown in fig.
8. This difference vanishes for a = 1, which is of course the reason why Alexander polynomials
or these two knots are the same, and in the “cyclotomic” form they read
∆(x) = 4x−1 − 7 + 4x = 1 + 4(1− x)
2
x
. (4.67)
The inverse binomial expansion then yields
1
∆N−1(x)
=
∞∑
0≤k4≤k3≤k2≤k1
(
N + k1 − 2
k1
)(
k1
k2
)(
k2
k3
)(
k3
k4
)
(−1)k1 (1− x)
2k1
xk1
. (4.68)
Taking advantage of (3.17), our deformation procedure leads to the following form of super-
polynomials
Pr(a, q) =
∞∑
0≤k4≤k3≤k2≤k1
(−1)k1
[
r
k1
][
k1
k2
][
k2
k3
][
k3
k4
]
q−k1r+(k
2
1+k1)/2qα(k1,...,k4)×
× a
∑4
i=1 βikit
∑4
i=1 γiki(−aq−1t; q)k1(−aqrt3; q)k1 .
(4.69)
Interestingly, the difference in colored superpolynomials for these two knots arises only from
deformation terms α(k1, . . . , k4), βi and γi. As usual we fix them by comparing to the uncol-
ored superpolynomials given in table 2, which can also be written as follows
P 74 (a, q, t) = −t−1 + (1 + aq−1t)(1 + aqt3)(1 + 2at+ a2t3),
P 92 (a, q, t) = −t−1 + (1 + aq−1t)(1 + aqt3)(1 + at+ a2t3 + a3t5),
(4.70)
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Figure 8: Homological diagram for 74 (left) and 92 (right) knots.
and to the S2-colored superpolynomial, which for 74 knot is derived e.g. in [34]. This
comparison fixes α(k1, . . . , k4), βi and γi for both knots. Ultimately we get the following
colored superpolynomials for 92, in agreement with results for twist knots in section 4.6
P 92r (a, q, t) =
∞∑
0≤k4≤k3≤k2≤k1
[
r
k1
][
k1
k2
][
k2
k3
][
k3
k4
]
q−k1r+(k
2
1+k1)/2+k
2
2+k
2
3+k
2
4−k2−k3−k4×
× (−1)r+k1ak2+k3+k4t2(k2+k3+k4)t−r(−aq−1t; q)k1(−aqrt3; q)k1 .
(4.71)
On the other hand, for 74 knot we obtain the following colored superpolynomials
P 74r (a, q, t) =
∞∑
0≤k4≤k3≤k2≤k1
[
r
k1
][
k1
k2
][
k2
k3
][
k3
k4
]
q−k1r+(k
2
1+k1)/2+k
2
2+k
2
3+k
2
4−k2−k4−k2k3+k2k4−k3k4×
× (−1)r+k1ak2+k4t2(k2+k4)t−r(−aq−1t; q)k1(−aqrt3; q)k1 .
(4.72)
This result is cyclotomic, and we verified its correctness by comparison with colored super-
polynomials for r = 3, 4, 5 for 74 knot found in [35, 36], by checking conditions imposed by
canceling differentials (2.8), and the consistency with the exponential growth.
In this example it is also worth illustrating the difference between the Melvin-Morton-
Rozansky limit and the limit that yields A-polynomial, which is relevant for the volume
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conjecture. Both limits involve q → 1 and qr = x = const. Note that (4.71) and (4.72)
differ only by the terms qk3−k2k3+k2k4−k3k4a−k3t−2k3 in the summand. In the Melvin-Morton-
Roznasky limit we set t = −1 and identify a = qN , so all these terms are irrelevant when we
set ~ = log q → 0, which is why we obtain the same Alexander polynomial for these knots.
On the other hand, to determine A-polynomial, we need to consider saddle points of the
prepotential W˜ , which can be determined by approximating the summations in (4.71) and
(4.72) by integrals and introducing continuous variables zi = q
ki
Pr(a, q) ∼
∫ ∏
i
dzi e
1
~ (W˜ (x,zi)+O(~)). (4.73)
The difference in the summands in (4.71) and (4.72) implies that superpotentials associated
to 92 and 74 knots differ by
∆W˜ = − log z2 log z3 + log z2 log z4 − log z3 log z4 − log a log z3 − 2 log t log z3, (4.74)
and these terms affect the form of Nahm equations y = ex∂xW˜ (x,zi) and 1 = ezi∂ziW˜ (x,zi) for
these two knots. Furthermore, A-polynomial A(x, y) = 0 is determined by eliminating zi from
this set of equations, so this explains why A-polynomials for 74 and 92 knots have different
form.
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